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Bounds on leaves of one-dimensional foliations

E. Esteves and S. Kleman

— Dedicated to IMPA on the occasion of its 50/ anniversary

Abstract. Let X be avariety over an agebraically closed field, n: Q}( — L aone
dimensional singular foliation, and C C X aprojective leaf of n. We prove that

2pa(C) — 2 =deg(L|C) + 1(C) — deg(C N S)

where p, (C) isthe arithmetic genus, where 1.(C) is the colength in the dualizing sheaf
of the subsheaf generated by the Ké&hler differentials, and where § is the singular locus
of n. Webound A(C) and deg(C N S), and then improve and extend some recent results
of Campillo, Carnicer, and de la Fuente, and of du Plessis and Wall.
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1 Introduction

In 1891, Poincaré[32], p. 161, considered, in effect, afoliation of the planegiven
by a polynomial vector field, and he posed the problem of deciding whether it
is algebraically integrable or not. Poincaré observed that it is enough to find a
bound on the degree of the integral.

Over the years, this problem has attracted a lot of attention. Recently, it has
been interpreted as the problem of bounding the degrees of the algebraic leaves
of the foliation, be it algebraically integrable or not. As such, the problem was
addressed in [9], by local methods, and in [5], [7], and [23], using resol ution of
singularities. A bound depending only on the degree of the foliation was proved
in [8] for foliations without diacritical singularities.
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146 E. ESTEVES AND S. KLEIMAN

In general, Lins Neto [24], Main Thm., p. 234, showed that thereis no bound
depending only on the degree of the foliation and on the analytic type of the
singularities of the foliation. Nevertheless, bounds depending on the degree of
the foliation and the analytic type of the singularities of the leaves were proved
in[10], [12] and [38]. In[30], bounds depending on the degree and plurigenera
of thefoliation and the geometric genera of the leaves were proved for foliations
of general type.

Theproblemwasextended to surfaceswithtrivial Picard groupin[2] and, more
generally, to any smooth ambient variety in [6]. Bounds on numerical invariants
of subvarietiessaturated by leaveswereconsideredin[13], [35] and[36]. Finadly,
the analogous problem for Pfaff differential equationswas considered in [3] and
[14].

Herewe addressthefollowing version of the problem. Let X beavariety over
an algebraically closed field of arbitrary characteristic. Let C € X be acurve,
that is, areduced subscheme of pure dimension 1; assume C is projective. Let
n: Q% — £ beaone-dimensional singular foliation of X; that is, » is nonzero,
and £ isinvertible. Assume C isaleaf; that is, C contains only finitely many
singularities of », and n|C factors through the standard map o : Q}|C — QL.
Say u: QL — L|C is the induced map. We dtrive to relate the numerical
invariantsof C and .

The mgjor global invariant of C isitsarithmetic genus, p,(C) := 1— x(O¢).
Notice that p,(C) = h'(O¢) when C is connected, and that p,(C) remains
constant when C variesin afamily.

Thesingularities P of C are measured by several invariants. Onein particular
arises naturaly in the present work. It is denoted A(C, P) by Buchweitz and
Greuel in[4], Def. 6.1.1, p. 265, and it is defined asthe colength, in the dualizing
modulewp, of the O¢ p-submodul e generated by Qé’P. Noticethat .(C, P) > 0
if and only if P issingular. Sowemay set A(C) := > _ A(C, P).

Our key relation isthe following simple formula, given in Proposition 5.2:

2p.(C) — 2 —deg(£|C) = A(C) — deg(C N ). (1.1)

Here S is the singular locus of 5, that is, the subscheme of X where , fails to
be surjective; so C N § is the singular locus of w. We prove our formula by
comparing Euler characteristics of certain torsion-free sheaveson C.

Under more restrictive hypotheses, versions of Formula (1.1) were proved by
Cerveau and Lins Neto [9], Prop., p. 885, and by Lins Neto and Soares [25],
Prop. 2.7, p. 659. In [35], p. 495, Soares suggested using the formula when C
is smooth, to solve the Poincaré problem by bounding deg(C N S) from below.
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BOUNDS ON LEAVES OF ONE-DIMENSIONAL FOLIATIONS 147

In the same vein, our main results, Theorem 5.3 and Theorem 6.1, follow from
the general case of Formula (1.1) and from bounds we obtain on A(C, P) and
deg(C N S).

Note that deg(C N S) > «(C) where ((C) := > «(C, P) and «(C, P) isthe
least length of the cokernel of a map Qép — Oc.p. Hence, asisalso stated in
our Proposition 5.2,

2pa(C) — 2 — deg(L|C) = A(C) — 1(O). 12

In characteristic O, if P isasingularity, then ((C, P) > 1 because Qé,,/torsion
cannot be free by [26], Thm. 1, p. 879. Hence then ((C) is at least the number
of singularities.

Assume X is smooth. In [6], Thm. 2.7, p. 62, Campillo, Carnicer and De la
Fuente gave an upper bound on 2p,, (C) —2—deg(£L|C) intermsof multiplicities
associatedto C and n along asequence of blowupsof X resolvingthesingularities
of C. Asaconsequence, they obtained in [6], Thm. 3.1, p. 64, an upper bound
on 2p,(C) — 2 —deg(£L|C) that holds universally for al n having C asleaf. Our
Theorem 5.3 provides a somewhat better bound; this bound follows from (1.2),
given the bound on A(C, P) asserted in our Proposition 4.4. Thus (1.2) is the
sharpest available bound on 2p,(C) — 2 — deg(£|C).

Our proof of Propasition 4.4 uses the Hironaka—Noether bound, Proposition
3.1. It bounds the colength ¢ of a reduced one-dimensional Noetherian local
ring A in the blowup at its maximal ideal in terms of its multiplicity e; namely,
¢ < e(e—1)/2, with equality if and only if A has embedding dimension at most
2. Noether [29] considered, in effect, only the case where A is the local ring
of a complex plane curve. Hironaka [20], p. 186, asserted the bound without
proof when A isthelocal ring of an arbitrary complex curve. In the same setup,
Stevens [37] proved aformulafor ¢, and then asserted the bound without proof.
Inspired by the Stevens's work, we give a somewhat different proof, and obtain
the general case.

Take X := P" now, and set d := degC. Suppose d is not a multiple of
the characteristic. Over C, Jouanolou [21], Prop. 4.2, p. 130, proved C N S
is nonempty, even when C is smooth. In [14], Cor. 4.5, Jouanolou’s result is
refined: the Castelnuovo—-Mumford regularity reg(C N S) isshown to be at least
m + 1wherem := 1+ deg L. Now, the regularity of any finite subschemeis at
most its degree. Hence, (1.1) yields

2p,(C) — (d —D(m — 1) < A(C), (1.3
which our Theorem 6.1 asserts. It continues by asserting that, if equality holds,
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148 E. ESTEVES AND S. KLEIMAN

thendeg(C N'S) =m + 1; dsothen C N S lieson aline M, and either M C S
or M isaleaf.
If, inaddition, thesingular locus S isfinite, then, asour Proposition 6.3 asserts,

AMC) < 2p(C) —(d —D(m — 1) +m? + - +m". (1.4)

This bound too results from (1.1); indeed, a simple Chern class computation
evaluates deg(S), but deg(S) > deg(C N §).

Another major global invariant of C isits geometric genus, p,(C) := h*(Og)
where C is the normalization of C. Our Corollary 6.2 asserts that, if C is
connected and the characteristic is O, then

pe(C) = (m—1)(d—-1)/2+ (r(C) - 1)/2

where r(C) isthe number of irreducible components. Notice that this bound is
nontrivial form < d—1andthat it doesnot dependinany way onthesingularities
of C or of 5. The problem of bounding p,(C) was posed by Painlevé and has
been considered by Lins Neto among others; see[24].

There are two better known singularity invariants, the §-invariant §(C, P)
and the Tjurina number 7(C, P). The former is the colength of O¢ p inits
normalization; the latter, the dimension of the tangent space of the miniversal
deformation space of the singularity. These invariants are related to A(C, P).
Firgt, §(C, P) < A(C, P) < 25(C, P), but the second inequality is valid only
in characteristic O; see Subsection 2.1. Second, t(C, P) = A(C, P) if Cisa
complete intersection at P; see Proposition 2.2.

Finaly, take X := P2. Inthiscase, p,(C) = (d — 1)(d — 2)/2. In addition,
AMC) = t(C) where 7 (C) := >_ t(C, P). Again supposed is not amultiple of
the characteristic. Then (1.3) and (1.4) hold, and reduce to the following lower
and upper bounds on = (C):

d—1d-—m—1) <t(C) < (d—1)(d—m—1) +m? (1.5)

These bounds are the ones masterfully proved over C by du Plessis and Wall
[12], Thm. 3.2, p. 263, in amore elementary way. However, they definem asthe
least degree of a nontrivial polynomial vector field ¢ annihilating the equation
of C. Considering the foliation n defined by ¢, we derive their lower bound in
our Corollary 6.4. Their upper bound is also obtained there, under the additional
assumption that the singular locus of » intersects C in finitely many points.

In fact, Du Plessis and Wall prove more: if 2m + 1 > d, then

tO)<d-Dd-m—-D+m?>—2m+2—-d)y2m+1—4d)/2.
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BOUNDS ON LEAVES OF ONE-DIMENSIONAL FOLIATIONS 149

The present authors giveamore conceptual version of the proof in[15], Prop. 3.3.

The lower bound in (1.5) was rediscovered over C by Chavarriga and Llibre
[10], Thm. 3, p. 12, and they gave yet athird proof.

The lower bound in (1.5) isimproved in characteristic O viayet afourth argu-
mentin[15], Thm. 3.2, asfollows: (d —1)(d —m —1)+u < t(C) whereu isthe
number of singularitiesnot quasi-homogeneous (that is, at which alocal analytic
equation is not weighted homogeneous); moreover, if equality holds, then either
m =d — 1and C issmooth, or m < d —1andreg(SingC) = 2d — 3 — m.

The Poincaré problem is to bound d given the invariants of . Asis well
known, the difficulty liesin the possibility that C may be highly singular. Inthis
connection, the lower bound in (1.5) says this. the higher its degree, the more
singular isC. Asnoted above, our proof of (1.5) usesthelower bound reg(C N .S)
givenin[14], Cor. 4.5. A result in [15] assertsthat reg(SingC) > 2d — 3 —m if
m<d-—2andthatreg(SngC) =2d —3—mifm < (d — 2)/2, provided d is
not a multiple of the characteristic. In other words, for high d, not only must C
have many singularities, but also they must lie in special paosition in the plane.

In short, Section 2 of the present paper introduces some local and some global
invariants of acurve C, and relatesthem. Section 3 treats the Hironaka—Noether
bound. Section 4 uses this bound to help establish an upper bound on A(C, P).
Section 5 establishes our bound (1.2) on 2p,, (C) — 2 — deg(L|C), and compares
it favorably to the bound of Campillo, Carnicer and De la Fuente with the aid of
our bound on A(C, P). Finally, Section 6 establishes the bounds (1.3) and (1.4)
on A(C), and shows that they recover the boundsin (1.5) on 7 (C) in the form
treated by du Plessis and Wall and by Chavarrigaand Llibre.

2 Invariantsof curves
2.1 Local invariants.

Let C beacurve, n: C — C the normalization map, and
n*: O¢ — N0 and dn: QF — n*Q%

the associated maps on sheaves of functions and differentials. Let wc be the
dualizing sheaf (or canonical sheaf, or Rosenlicht’ssheaf of regular differentials);
see[34], or [19], Sec. I11-7, or [4], pp. 243-244, or [1], for example. Thereisa
natural map
tr: n*Q% — wc;
it isknown as the trace, and the composition
y: Qé BLLIN n*Ql6 AN wc
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is known as the class map.
Fix aclosed point P € C. Taking lengths ¢(—), set

8(C, P) := £(Cok(n%)),
T(C, P) := L(EXty (QU p. Ocp)),

Oc,p

A(C, P) := L(COK(yp)).

The first two invariants are known respectively as the é-invariant or the genus
diminution, and the Tjurina number; see[37], p. 98, and [16], pp. 142-143. The
third invariant was formally introduced and studied by Buchweitz and Greuel
[4], pp. 265-269, athough it appears implicitly earlier, notably in Rim'’s paper
[33].

By Rosenlicht’s theorem (see [34], Thm. 8 and Cor. 1, pp. 177-178, or
[1], Prop. 1.16(ii), p. 168), the cokernels of n” and tr are perfectly paired; so
8(C, P) = £(Cok(trp)). Hence

A(C, P) = 8(C, P) + £(Cok(d np)). (2.1.1)

Leta: Qésp — Oc, p range over all maps such that Cok o has finite length,
and set
t(C, P) :=minf(Cok ).

This invariant is the local isomorphism defect of Qé/torsion in O¢c a P, as
defined by Greuel and Lossen in [18], p. 330, and as defined earlier, but with
the opposite sign, by Greud and Karrasin [17], p. 103; however, the present
invariant «(C, P) itself is not explicitly considered in either of those papers.

Suppose that P is a singularity of C. In characteristic zero, «(C, P) > 1
because Hom(Q¢ ., Oc, p) isnot free by [26], Thm. 1, p. 879. In characteristic
p > 0,sometimes:(C, P) = 0; for example (see[26], p. 892), inthe plane, take
C: yP*l — x? =0andtake P := (0, 0).

Let r(C, P) bethe number of branches, or analytic components, of C at P.

Letd: Oc — QL bethe universal derivation, and set

1w(C, P) := £(Cok(y o d)p).

Then A(C, P) < u(C, P). Also, it isnot hard to see that u(C, P) < oo if
and only if the characteristicis 0. (Over C, Buchweitz and Greuel, generalizing
work of Bassein, name w(C, P) the Milnor number in Def. 1.1.1, p. 244, [4],
and prove, in Thm. 4.2.2, p. 258, that, when C degenerates, 1 (C, P) increases
by the number of vanishing cycles.)
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BOUNDS ON LEAVES OF ONE-DIMENSIONAL FOLIATIONS 151

In characteristic O, Buchweitz and Greuel [4], Prop. 1.2.1, p. 246, prove

extending the Milnor—Jung formulafor plane curves. Now, A(C, P) < u(C, P).
S0, in characteristic O,

A(C, P) < 25(C, P) —r(C, P) + 1. (2.1.2)

For an upper bound in positive characteristic, see Proposition 4.4.

Proposition 2.2 [Rim]. Let C be a curve, and P € C a closed point. If C is
a complete intersection at P, then t(C, P) = A(C, P).

Proof. Over C, the assertion follows directly from [4], Lem. 1.1.2, p. 245 and
Cor. 6.1.6, p. 268. In arbitrary characteristic, the assertion follows directly from
two formulasburiedinthemiddleof p. 269 in Rim’spaper [33]. Thefirst formula
saysthat T isequal tothelength of thetorsion submoduleof ©F.. A cleaner version
of the proof, which is based on local duality, was given by Pinkham [31], p. 76.
The formulaitself was originally proved when C isirreducible by Zariski, [39],
Thm. 1, p. 781. The second formula says that this length is equal to A(C, P);
here is another version of the proof of this formula.

Since the invariants in question are local, we may complete C and then nor-
malize it off P. Thuswe may assumethat C is projective and that P isitsonly
singularity.

The torsion submodule of QL is the kernel of the classmap y: QL — wc
since wc istorsion free. However, A(C, P) := £(Cok(yp)). Henceit sufficesto
prove x (2F) = x (wc).

Let N be the conormal sheaf of C initsambient projective space, X say, and
set M := QL|C. Since C isaloca completeintersection, N islocally free and
we have an exact sequence of the form

0—- N —->M— QL0
S0 x (%) = x (M) — x (). Hence, by Riemann’s theorem,

x(QL) = degM — deg N + (rk M — rk N) x (O¢)
=degM — deg N + x(O¢).
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On the other hand, wc = det(M) ® (det N)* by [19], Thm. 7.11, p. 245. So,
again by Riemann’s theorem,
x (wc) = deg(det M) — deg(det N) + x (Oc).
Now, deg(det M) = deg M and deg(det N) = deg . So x(QL) = x(wc). O

2.3 Global invariants.

Let C beaprojective curve. Let n: C — C denote the normalization map, and
n*: Oc — n,OF the associated map.

If C issmooth at aclosed point P, thenthelocal invariants§(C, P), (C, P),
A(C, P),and ((C, P) dl vanish. So it makes sense to set

8(C) := ZS(C, P), AC):= Zx(c, p),

PeC PeC
7(C) = Z (C, P), (C) = ZL(C, P).
PeC PeC

Let »(C) denote the number of irreducible components of C.
Recall that the arithmetic genus and the geometric genus are defined by the
formulas:
Pa(C) := 1= x(Oc) and py(C) :=h"(Og).

Extracting Euler characteristics from the short exact sequence
0— O¢ - N0z — Cok(n*)y - 0
yields the generalized Clebsch formula
Pe(C) = pa(C) —8(C) +r(C) — 1. (2.3.1)

Suppose C isconnected. Thenr(C)—1 < > ,(r(C, P)—1). Incharactersitic
0, therefore, (2.1.2) yields

A(C) < 28(C) — r(C) + 1. (2.3.2)

Proposition 2.4. Let A and B be (reduced) plane curves of degrees a and b
with no common components. Set C := A U B. Then

T(A) + ©(B) +ab = ©(C),
with equality if A and B are transverse.
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Proof. If A and B aretransverse, thent(C, P) = 1for P € AN B. Thereare
ab such P. Hence
T(A) +1t(B) +ab=1(C).

By the theorem of transversality of the general translate for projective space
[22], Cor. 11, p. 296, there is a dense open subset of automorphisms g of the
plane such that the translate A¢ istransversal to B. Set C, := A% U B. Then, by
the preceding case,

T(A®) + t(B) +ab = 1(Cy).

The function g — 7(C,) is upper semi-continuous. Indeed, 7(C,) = A(C,)
by Proposition 2.2. Furthemore, g — A(C,) is upper semi-continuous, because
A(C,) isthe length, on the fiber over g, of the restriction of the cokernel of a
map between coherent sheaves on the total space of the C,, namely, the relative
class map.

Hence 7(C,) < 7(C). But t(A®) = t(A) since A% and A are isomorphic.
Therefore, the asserted bound holds. O

3 TheHironaka—Noether bound

Proposition 3.1 [Hironaka—Noether bound]. Let A be a reduced Noetherian
local ring of dimension 1 and multiplicity e > 2. Let B be the blowup of A at its
maximal ideal m. Then the length of the A-module B/A satisfies the following
inequality:

¢(B/A) < e(e — 1)/2.

Furthermore, equality holds if and only if A has embedding dimension 2.

Proof. Setk := A/m. Let'sfirst reduce the question to the case where k is
infinite; we'll use awell-known trick, found for instance in [27], p. 114. So, let
x be an indeterminate, A[x] the polynomial ring, and p the extension of m. Set
A(x) := Alx]p. Then A(x) is areduced Noetherian local ring of dimension 1.
Its maximal ideal istheextensionmA (x), and itsresiduefieldistheinfinitefield
k(x).

In addition, A(x) isflat over A. Hence, the multiplicity of A(x) isaso e, and
the blowup of A(x) at itsmaximal ideal is B ® 4 A(x). Also,

¢((B®a AX)/A)) = £((B/A) ®4 A(x)) = L(B/A).
Therefore, replacing A by A(x), we may assumek isinfinite.
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Sincek isinfiniteand A isreduced and of dimension 1, thereisan f € m such
that theequation B = A[m/f] holdsin thetotal ring of fractionsof A. Notethat

mB = f(1/f)mB C fB;

whencemB = f B. It followsthat, for every i > 0, we have

¢miB/m*1B) =e.
For eachi > 0, form the A-module
Vi :=m'B/(m' + miT1B).
Then V; isthe cokernel of the natural map
m‘/mitt — m' B/mi*1B.

Hence, we get

£(V;) = £(m' B/m"B) — g(m’/m'h).

Let's now prove that, for someinteger ¢ > 0, we have

e—1=0(Vo) > (V) > -+ > (V) = (V1) = ---

Indeed, first observe that

¢(Vo) = £(B/mB) — £(A/(MB N A)).

Now, £(B/mB) = e by (3.1.1). Also,mBNA =m. S0£4(Vp) =e — 1.
Next, notice that, for each i > 0, multiplication by f induces a map

hi:V; LI Vi1

=0.

(3.1.1)

(3.1.2)

(3.1.3)

This map h; is surjective because mB = fB. Moreover, Ker(h;) = 0 if and

only if

miB N (1/f)(ml+1 + mi+ZB) g mi + mi+lB,

However, mi*14+mi+2B € m+1B. Inaddition, (1/f)mi*1B = m’ B because

mB = f B. Hence, Ker(h;) = 0if and only if
(l/f)(mi+l + mi+2B) - mi + mi+1B,
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Of course, we have
(1/£)(M* 4+ m2B) = (1/f)m(m’ + m'*1B).

Since B = A[m/f1], it follows that Ker(h;) = 0if and only if m’ + m'*'B isa
B-module; that is, if and only if
m +m™B=mB+m™B=mB. (3.1.4)

Therefore, h; : V; — V; 1isinjectiveif andonly if V; = 0. Sinceh; issurjective,
L(V;) = £(V;41); moreover, if equality holds, then h; is bijective, and therefore
V: = 0. Thus (3.1.3) holds for someg.

Next, let’s prove that, for all j > 0, we have

m? 4+ m?*t/ B = m?B. (3.1.5)

This equation is trivial for j = 0. Now, given j > 0, suppose (3.1.5) holds.
Since (3.1.3) holds, V., ; = 0; s0(3.1.4) holdsfor i := ¢ + j. Hence, we have

m? 4+ mit B =m? 4+ mit 4 mitTIB =m? + mit/ B =miB.
Thus, by induction, (3.1.5) holdsfor al j > 0.
Let’'s now improve (3.1.5) by showing it implies that
m? = m‘B. (3.1.6)
Indeed, the A-module B/m¢? has finite length. Hence it is annihilated by m7+/

for some j > 0; in other words, m?*/ B € m4. Thus(3.1.5) yields (3.1.6).
We can now prove the first assertion. Indeed, owing to (3.1.6), the sequence

0— A/m?— B/m‘B— B/A— 0
is exact. Filter the first term by m/m¢ fori = 0, ..., ¢, and the second by
miB/m? B. Then we get

qg—1
L(B/A) =) ((m'B/m*B) — £(m'/m'*Y)). (3.1.7)
i=0

Now, (3.1.3) yields£(V;) < (e—1—i)andg < e — 1. Hence (3.1.2) yields

g—1 e—2

LB/A) <D V) <D (e—1—i)=e(e—1)/2 (3.1.8)

i=0 i=0
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Thus the first assertion is proved.

To prove the second assertion, first assume £(B/A) = e(e — 1)/2. Then the
equalities hold in (3.1.8). So equality holdsin (3.1.2),and £(V;) = e —1— i
for 0 <i < e — 1. Hence (3.1.1) yields ¢(mi/mi*1) = i + 1. In particular,
(m/m?) = 2.

Conversely, assume £(m/m?) = 2. Then m is generated by two elements. So
m' is generated by at most i + 1 elementsfor al i > O; whence,

emi/m*ly < i+ 1. (3.1.9)
Together, (3.1.1) and (3.1.6) and (3.1.9) yield
e=¢(MI‘B/mi*1B) = ¢(mi/mi*t) < g + 1.

Therefore, (3.1.7) and (3.1.1) and (3.1.9) yield

q—1 e—2

LB/A) = (e—tm'/mTh) =Y (e —1—i)=e(c—1)/2
i=0 i=0
Since¢(B/A) < e(e — 1)/2 by (3.1.8), equality holds. O

4 Infinitely near points
4.1 Infinitely near points.

Let X be a smooth scheme of dimension 2 or more. An infinite sequence
P, P, P", ...,P™, . .. issaidto be asuccession of infinitely near points of
X if P isaclosed point of X, if P’ isaclosed point of the exceptional divisor
E’ of theblowup X’ of X at P, if P” isaclosed point of the exceptional divisor
E” of theblowup X” of X’ at P’, and so forth.

In this case, whenever m < n, then P issaid to be infinitely near to P of
order n — m. In addition, P is said to be proximate to P if m < n and if
P™ lies on the proper (or strict) transform of E?*Y on X™; given n, denote
the number of these P by i (P, P™). Notethat i (P, P™) = 0if and only if
n=20.

Let C c X beacurve. Let C™ bethe proper transform of C on X . Denote
by e(C, P™), by §(C, P™), and by (C, P™) the multiplicity, the s-invariant,
and the number of branches of C™ at P™; by convention, these numbers are 0
if C™ does not contain P™. Similarly, given abranch " of C at P, denote by
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e(I", P™) and by §(I", P™) the multiplicity and the s-invariant at P of the
proper transform of T".

Note that P determinesits predecessors P, P/, ..., P~V but not its suc-
cessors P+D  petd - thelatter vary with the particul ar succession through

P®™. Call P~ theimmediate predecessor of P™. Denotethe set of all prede-
cessorsof P including P™ and P, by [P, P"]. Denotetheset of all possible
successors Q of P™  including P, by N (P™); denote the subset of those Q
proximateto P™ by N*(P™).

Lemma 4.2. Let X be a smooth scheme of dimension 2 or more, C C X a
curve, and P € C a closed point. Then

Y e(C.Q)(e(C. Q) —2+i(P, Q) = 25(C, P) - r(C, P),

QeN(P)

with equality if and only if the embedding dimension of C at P is 1 or 2.

Proof. The sum in question is well defined. Indeed, if Q lies off the proper
transform of C, thene(C, Q) = 0. Of theremaining Q, all but finitely many are
suchthat e(C, Q) = 1andi(P, Q) = 1 by the theorem of embedded resolution
of singularities.

Let¢(C, P) bethegreatest order of aQ € N(P) suchthat eithere(C, Q) > 1
ore(C,Q)=1andi(P, Q) > 1. But, if nosuch Q exists, sett(C, P) := —1.

Supposet (C, P) = —1. Then,forevery Q € N(P)\ P, eithere(C, Q) = 0or
e(C,Q)=1andi(P, Q) = 1, moreover, e(C, P) = 1andi(P, P) = 0. Hence
the sum in question is equal to —1. Moreover, §(C, P) = 0and r(C, P) = 1;
also the embedding dimension of C at P is 1. Hence the assertion holdsin this
case.

Proceed by induction on ¢(C, P). So suppose ¢t(C, P) > 0. Let X’ be the
blowup of X a P, and C’ the proper transformof C. Say P, ..., P, € C' lie
over P.

Fix j. If t(C’, PJ’.) = —1, then¢(C’, P]f) <t(C,P). Take Q € N(P]f); say Q
isof order m. Then O € N(P) withorder m + 1. Also, e(C’, Q) = e(C, Q).
Moreover,

(P, 0) i(P,Q), if Q isnot proximateto P;
l o = . . .
! i(P,Q)—1, if Qisproximateto P.

Therefore, if 1 (C’, P]/.) > 0, thenagain ¢ (C’, PJ’.) < t(C, P).
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So theinduction hypothesis and the above formulasfor e(C’, Q) andi (P, Q)
yield
> e, O)(e(C,Q)—2+i(P,Q)— Y eC Q)
QeN(P)) QeN(P)NN*(P)
with equality if the embedding dimension of C” at P} is at most 2. The latter

holds, of courseg, if the embedding dimension of C at P isat most 2.
Let 5 be the colength of Oc¢ p initsblowup. By Proposition 3.1,

e(C, P)(e(C, P) — 1) > 28, (4.2.2)

with equality if and only if the embedding dimension of C at P is at most 2.
Moreover,

§(C, P) = Za(c/, P)) +3. (4.2.3)

j=1
Sum the inequalitiesin (4.2.1) over i, and use (4.2.2) and (4.2.3). We get
Y e(C,Q)(e(C, Q) —2+i(P, Q) =

QeN(P)

=e(C,P)(e(C.,P)=2)+ Y Y  e(C,0)(e(C. Q) —2+i(P, Q)

J=1 QeN(P)
> 28 —e(C, P)+Z< > eC.Q)+25(C" P) —r(C P;))
J=1 " QeN(P)NN*(P)

=25(C,P)—r(C.P)—e(C.P)+ > e(C.Q).
QeN*(P)

Equality holdsin the middle if and only if the embedding dimension of C at P
isat most 2. However, the last two terms cancel by the proximity equality; see
[11], Formula (2.18), p. 27, for example. Thus the assertion holds. O

Lemmad4.3. Let X beasmooth scheme of dimension 2 or more in characteristic
p > 0. Let C C X beacurve, and P € C a closed point. Given a branch
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I" of C at P, let Q(I") be the point infinitely near to P of least order such that
p1e(, Q(')). Then

AC, P) <25(C,P)—r(C, P)+ ZU(F, P)
r

where v(T, P) := Z e(T, R).
Re[P,O(I)]

Proof. Letn: C — C bethenormalization map, d n: Qé — n*Q% itsdiffer-
ential. Set

I=Im(@n)p) € M.QYr ad I:=N.0p)prl S M.QYp;

so0 I isan O¢, p-submodule, and 7 isthe (n,.O¢) p-submodule I generates. Take
anfelsothatl=(n.0g)pf. Thenl/(Ocpf) = (N.O0F)p/Oc p. Hence

e(I/I) < 8(C, P). (4.3.1)

Now, n*QL — Ql6 — Q%/C — Oisexact. So the Chinese remainder theorem
yields

n.Q)r/T= P (@, )7 (432

Pen-1lp

Fix abranch T" of C a P, and set v := v([', P). Say I' corresponds to
P enlP. Beow, wellfindan f € Oc p of order v at P. Now, p { v. Hence
the derivative of f with respect to any local parameter of C at P hasorder v — 1.
&z((g%/c)p) <v-—1

Therefore, Equation (4.3.2) yields

z((n*ng)P/T) < Z(u(r, P)—1)=—r(C, P)+ Z v, P). (4.3.3)
r r

On the other hand, Equation (2.1.1) yields
AMC, P) =8(C, P) + L((n,Qp)p/1) = 8(C, P) + (/1) + £((N. Q%) p/T).

Hence, Inequalities (4.3.1) and (4.3.3) yield the assertion, given the existence of

an f.
Tofind an £, let X’ be the blowup of X at P, and C’ the proper transform of
C.Say P’ € C'istheimageof P. Let ys, ..., v, begenerators of the maximal
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ideal m¢ p. Rearranging the y;, we may assume y; generates the extension
Mc pOc p. Thentheorder of y; at P ise(T, P). So, if p 1 (T, P), that is, if
Q= P,take f := y;.

Proceed by induction on the order n of Q/P. Supposen > 0. Then the order
of /P’ isn — 1. Say y; = z;y1 Wherez; € O¢' pr. Let a; bethevalue z; takes
a P'. Thenyy, zo—ay, ..., zm — a, aegenerators of themaximal ideal m¢r pr.

By induction, we may assume that a certain scalar linear combination

has order v(T", P’) a P. Then f’y, hasorder v(I", P) at P. Furthermore, f'y;
isascaar linear combination of the y;. Sotake f := f’y;. O

Proposition 4.4. Let X be a smooth scheme of dimension 2 or more in char-
acteristic p > 0. Let C c X beacurve, and P € C a closed point. If p = 0,
then

AMC,P) <1+ Z e(C, Q)(e(C, Q) —2+i(P, Q).
QeN(P)
Suppose p > 0. Foreach Q € N(P), sete(C,Q) := 0if Q # P and
if e(C, R) < 1 where R is the immediate predecessor of Q; otherwise, set
€(C, Q) := 1. Then
A(C, P) < Z e(C, Q)(e(C, Q) —2+i(P, Q) +e€(C, Q))-

QeN(P)

Proof. If p = 0, then the asserted bound follows directly from (2.1.2) and
Lemma4.2.

Suppose p > 0. Fix Q € N(P). Notice, asT ranges over al the branches of
cCaPpr,

> e, Q) =e(C. Q). (4.4.1)
r

Fix aT’, and suppose Q is the point of least order such that p 1 (T, Q).
Lee R € [P,Q]. If R # O,then p | e(T, R), and s0 ¢(I", R) > 1. Hence
€(C,R) :=1foral R € [P, Q).

It now follows from Lemma4.3 and Formula (4.4.1) that

MC,P)<25(C,P)—=r(C.P)+ > e(C.Q)(C, Q).
QeN(P)

Hence Lemma4.2 yields the asserted bound. O
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5 Foliations
5.1 Foliations.

Let X beascheme, £ aninvertible sheaf, and n : Q}( — L anonzero map. Then
n will be called a (singular one-dimensional) foliation of X.

Let S C X bethe zero scheme of 5, that is, the closed subscheme whose ideal
7s,x istheimage of theinduced map Q% ® £~ — Ox. Then S will be called
the singular locus of .

Let C C X beaclosed curve. Supposefor amoment (1) that C N S isfiniteand
(2) that the restriction n|C factors through the standard map o : Q%|C — Q1
in other words, that there is a commutative diagram

(5.1.1)

Then C will be called aleaf of 7.

Noticethefollowing. Assume X issmooth. Let P € X — S beaclosed point,
and n*: £* — T thedua map. Then theimage of n*(P) isaone-dimensional
vector subspace, F(P) say, of the fiber Tx(P). Moreover, if C isaleaf and if
P isasimplepoint of C, then F(P) C T¢(P).

Conversely, assume C N S isfinite, andlet U € C — S be adense open subset.
Let's prove that, if F(P) € T¢(P) for every simple point P € U, then C isa
leaf.

Indeed, let K be the kernel of o: Q}|C — QL, and k: KX — L|C the
restriction of n|C to K. It follows from the hypothesisthat « (P) = O for every
simplepoint P € U. So, sinceU isdensein C, theimage of « hasfinite support.
Now, C isreduced and L|C is invertible. Hence x = 0. So there is a map
p: QL — £|C making the diagram (5.1.1) commute. Thus C isaleaf.

Proposition 5.2. Let X be a scheme, C C X a projective curve, n: Q% — £
a foliation, and § its singular locus. If C is a leaf of 5, then

2p,(C) — 2 —deg(£L|C) = A(C) — deg(C N S)
< A(C) —u(C).

Bull Braz Math Soc, Vol. 34, N. 1, 2003



162 E. ESTEVES AND S. KLEIMAN

Proof. Form the standard exact sequence
0 — Zcnsyc = Oc = Ocns — 0.
Twist it by £, and take Euler characteristics; we get
XTcnsyye ® L) = x (LIC) — x (LIIC N S)).
Use Riemann’s theorem to evaluate x (£|C). Then we get
X Tcnsyc ® L) = deg(LIC) + 1 — p,(C) — x (LI(C N S)). (5.21)

Since C isaledf, thereisamap u: QL — L£|C making the diagram (5.1.1)
commute. Since S isthesingular locusof n, theimageIm(n) isequal toZs,x ® L.
Hence

Im(u) = Zicnsy)c @ L. (5.2.2)
So Cok(u) = L|(C N S). However, £ isinvertible. Hence
L(C) < x(LI(CNS)) =deg(C N S). (5.2.3)

Ontheother hand, C isreduced. So £|C istorsion free. Hencelm(u) isequa
to Qé/torsion because C N S isfinite. In addition, the canonical sheaf wc is
torsion free. Hence the image of the classmap v : Q% — oc isalso equal to
QL /torsion. So

Im(y) = Im(w). (5.2.4)
Since A(C) = x(Cok(y)), it follows that
A(C) = x(wc) — x(Im(y)).

Now, x (wc) = p.(C) — 1. Hence (5.2.1)—«5.2.4) yield the assertion. O

Theorem 5.3. Let X be a smooth scheme of dimension 2 or more in charac-
teristic p > 0, and C C X a projective curve. Let P range over all the closed
points of X. For each Q € N(P), set e(C, Q) := Qeither (i) if e(C, Q) = 0,
or (ii) if p = 0, or (iii) if p > O, if Q0 # P, and if e(C, R) = 1 where R is the
immediate predecessor of Q; otherwise, set €(C, Q) := 1. Next, set

UC,Q):=e(C,0)—2+i(P, Q) +€(C, Q).
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(1) Letn: 52%( — £ be afoliation, and assume C is a leaf. Then

2pa(C) —2—deg(LIC) < D D~ e(C, Q)U(C, Q).

PeX QeN(P)

(2) Let A C X be adivisor. For each P and QO € N(P), lete(A, Q) be the
multiplicity at Q of the proper transform of A on the successive blowup of
X determined by Q. Assume that e(A, Q) > £(C, Q) and that C is a leaf
of n: Q% — L. Then

2p,(C) —2—deg(L|C) = (A-C).

Proof. To prove (1), recal that, if p = 0 and P isasingular point of C, then
t(C, P) > 1. Hence Theorem 5.2 and Proposition 4.4 yield (1).

To prove (2), notethat (A - C) = ZQ e(A, Q)e(C, Q) by Noether'sformula;
see [11], Formula(2.17), p. 27, for example. Hence (1) yields (2). O

6 Projective space

Theorem 6.1. Let X := P", and let C C X be a closed curve of degree d.
Assume d is not a multiple of the characteristic. Let n: Q% — Ox(m — 1) be a
foliation, S its singular locus. Assume C is a leaf. Then

2p,(C) —(d —D(m — 1) = A(C),

with equality only if C N S has degree m + 1 and lies on a line M and either
M C Sor M isaleaf.

Proof. It iswell known, and reproved below, that deg(C N S) is at least the

Castelnuovo—Mumford regularity reg(C N S). Inturn, reg(C N'S) > m + 1

owing to [14], Cor. 4.5. So Proposition 5.2 yields the asserted inequality.
Suppose equality holds in the assertion. Then the above reasoning yields

deg(C N S) =reg(C N S) = m + 1. (6.1.1)

It follows, asiswell known and reproved below, that the scheme C N S lieson
aline M.

Suppose that M ¢ S and that M is not aleaf. Then thereisa point P in
M\ S at whichthetangent “direction” F(P) C Tx, p associated to n differsfrom
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that 7, p associated to M ; see the end of Subsection 5.1. Take a hyperplane H
containing M suchthat Ty p p F(P).
Let B: QL|H — Q1 bethenatural map, and set & := (B, n|H), so that

£:QYH — QL@ 0y(m—1).

Set ¢ = (A"E)(n + 1). Now, the restriction | H factors through the twisted
ideal Q(ng)/H(m —1). So¢ factorsthrough Q(HQS)/H(m)- However, ¢ (P) # 0
because Ty p 2 F(P).

Formthezeroscheme Z of ¢. Then Oy (Z) = Oy (m); dso, Z D HN S, but
Z # P,whenceZ » M. So M N Z isfinite, hasdegreem, and contains M N S.
But deg(M N S) > m + 1 because (M N S) 2 (C N S) and because of (6.1.1).
A contradiction has been reached. So the proof is now complete, given the two
well-known results.

Let's now derive these two results from Mumford's original work [28]. Let
W C X be afinite subscheme. Take a hyperplane H that misses W. Then the
ideal 7(unw), u istrivial, soit is O-regular. Hence, by the last display on p. 102
in [28], theideal Ty, x is r-regular with r := h'(Zy,x(—1)). Butr = degW
owing to the sequence

0— Tw/x(s) = Ox(s) = Ow(s) —> 0

withs := —1. ThusregW < degW.

Suppose now that regW = deg W. Then h'(Zy,x(degW — 2)) # 0. Since
ht(Iw,x(—1)) = deg W, it follows that h'(Zy,x (1)) = degW — 2, by Display
#) onp.102in[28]. Hence hO(TZW/X(l)) = n — 1 owing to the above sequence
withs := 1. So W liesonn — 1 linearly independent hyperplanes of X, whence
on their line of intersection. O

Corollary 6.2. Let X := P", and let C c X be a closed curve of degree 4.
Assume C is connected and the characteristic is 0. Let n: Q% — Ox(m — 1) be
a foliation. Assume C is a leaf. Then

pg(C) = (m—1D(d—-1)/2+(r(C) —1)/2.

Proof. The assertion results from Theorem 6.1, Formula (2.3.1), and Bound
(2.3.2). O
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Proposition 6.3. Let X := P", and let C C X be a closed curve of degree d.
Letn: Q% — Ox(m — 1) be afoliation, S its singular locus. Assume S is finite
and C is a leaf. Then

MC) <2pa(C) —(d —D(m — 1) +m?+ - +m".

Proof. Since S is finite, it represents the top Chern class of (Q}()*(m - 1.
Hence
deg($) =1+m+m?>+ - +m".

Since deg(S) > deg(C N §), Proposition 5.2 now yields the assertion. d

Corollary 6.4. [du Plessisand Wall]. Let C be a (reduced) plane curve of de-
gree d. Assume d is not a multiple of the characteristic. Let m be the least degree
of a nonzero polynomial vector field ¢ annihilating the polynomial defining C.
Thenm <d —1and (d — 1)(d — m — 1) < 7(C). If the foliation defined by ¢
has only finitely many singularities on C, then also

T(C) < (d —1(d—m—1) +m?
Proof. Pick homogeneous coordinates x, y, z for the plane X. Say

¢—fa+ " n L adciu=0
7 ax & ady 0z =
where f, g, h arepolynomialsin x, y, z of degreem and whereu isone of degree
d. By hypothesis, pu = 0. Also, ¢ # O; thatis, (f, g, h) # 0.
In any case, u isannihilated by the three Hamilton fields

du 0 ou 0 du 0 du 0 u 0 du 0

dy dz 09z dy’ 9z dx 9dx dz  9dx dy  dy Ix

Sinced isnot amultipleof the characteristic, at |east two of thethree are nonzero.
Hencem <d — 1.
Consider the Euler exact sequence,

(x,y,2)

Ox 0.

0 — @} —— 0Ox(-1)3

Thetriple(f, g, h) definesamap ©Ox (—1)% — Ox(m—1). Letn beitsrestriction
to Q%.
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Owing to the exactness, n = Oif and only if (f, g, h) = p(x, y, z) for some
polynomial p. But, if p exists, then ¢pu = 0 yields pdu = 0; whence, p = 0
because d isnot amultiple of the characteristic. Since¢ # 0, necessarily n # 0.
Thus n isafoliation.

Diagram (5.1.1) existsas ¢u = 0. So, if C N S isfinite, then C isaleaf.

SinceCisplane, 7(C) = A(C) by Proposition2.2; also, 2p,(C)—2 = d(d—3)
by adjunction. Therefore, if S isfinite, and so C isaleaf, then the asserted bounds
follow from Theorem 6.1 and Proposition 6.3.

So assume S isinfinite. Let B C S be the effective divisor of largest degree,
b say. ThenIg;x € Ox(—B). It follows that n factors through a foliation
n:Qk — Ox(m —1—b), whosesingular locushas s, x (B) asitsideal. Hence
the singular locus of »" isfinite.

Set £ := Ox(m — 1 — b). The Euler sequence givesrise to the sequence

Hom(Ox(—1)3, £) — Hom(QY, £) — Ext'(Oy, L).

The third term is equal to H*(L), so vanishes. Hence ' lifts to a polynomial
vector field ¢’ of degreem — b. Then ¢’ # 0 simply because ¢’ is alift.

Say B: w = 0 where w isapolynomial of degree b. Then ¢ — w¢’ = pe
where p isasuitable polynomial and

isthe Euler, or radial, vector field. Now, ¢u = 0; hence,
—wo'u = pdu. (6.4.1)

Let T beacomponent of B. Say T: t = O wherer isapolynomia of degree
e. Suppose T isnot acomponent of C. Thent | w, but ¢ t u. So (6.4.1) implies
t|p. Setqg:=p/tandr :=w/t. Thenr¢'u = —qdu. Set ¢" := r¢’ + qge.
Then¢”u = 0. Moreover, ¢” # Obecausen # 0. So¢” isanonzero polynomial
vector field of degreem — e annihilatingu. Butm — e < m, yet m isminimal—a
contradiction! Thus T isacomponent of C.

Suppose T appears in B with multiplicity 2 or more. Set r := w/t2. Since
u isreduced, (6.4.1) impliest | p. Setg := p/t. Thenrt¢p'u = —qgdu. Set
¢" :=rt¢’ + ge. Then ¢” isanonzero polynomial vector field of degreem — e
annihilating u. Butm — e < m, yet m is minimal—a contradiction! Thus B is
reduced.

Set A:=C—-—Banda :=d—b. Then A is areduced effective divisor,
so acurve of degreea. Anda > 0Oasbh < m < d — 1. Moreover, A isa

Bull Braz Math Soc, Vol. 34, N. 1, 2003



BOUNDS ON LEAVES OF ONE-DIMENSIONAL FOLIATIONS 167

leaf of 1, which has finite singular locus. As observed above, Proposition 2.2,
adjunction, and Theorem 6.1 yield (¢ — 1)(a — m — b) — 1) < t(A). Now,
T(A) + t(B) + ab < t(C) by Proposition 2.4. But 0 < t(B). Hence

(a—1(a—(m—>b)—1) +ab <t(C).
Now, m > b; sob(a — (im — b) — 1) < ab. Hence
(a+b—-—1VDa+b—m—-1) <(a—1(a— m—-—>b)—1)+ab < t(C).

Sincea + b = d, thefirst assertion therefore holds.

As to the second assertion, suppose 1 has only finitely many singularities on
C.But B c C. Hence B = ¢. So S isfinite. Therefore, aswas observed above,
the upper bound holds. O
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